TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 303, Number 2, October 1987

SINGULARLY PERTURBED DIRICHLET PROBLEMS
WITH SUBQUADRATIC NONLINEARITIES

ALBERT J. DESANTI

ABSTRACT. Boundary and interior layer theory is provided for a class of
singularly perturbed Dirichlet problems with subquadratic nonlinearities in
the derivative terms. The results obtained generalize and extend well-known
results on the semilinear problem.

We aim in this paper to study the asymptotic behavior (as € — 0) of solutions
of the nonlinear Dirichlet problem

(1.1a) eAu = f(z,y,u,uz,uy) in 0,
(1.1b) u(Z,y,¢) =g(z,y) onT,

where A is the Laplacian operator and (2 is an open set in R? bounded by the
smooth closed curve I'. The function f = f(z,y,u,p, q) is assumed to be continuous
in z and y for (z,y) in Q and continuously differentiable in u, p, and q for all u, p
and q. Moreover, it is assumed that the function f is subquadratic in p and ¢ in
the sense that the quantity f(z,v,u,p,q)/(p* + ¢?) is bounded as p? + ¢% — oo.
The function g is assumed to be continuous on the boundary curve T.

The types of asymptotic behavior we consider in this paper are boundary layer
behavior and interior shock layer behavior. A solution u = u(z,y,e) of prob-
lem (1.1a), (1.1b) is said to exhibit boundary layer behavior if lim._,q u(z,y,€) =
U(z,y), where U is a classically stable solution of the so-called reduced problem

(1.2a) 0= f(z,y,U,Ug,Uy) in 1,
(1.2b) U(z,y) = g(z,y) onI'CT,

and U # g along the boundary segment I'-I". Thus, a solution exhibiting boundary
layer behavior remains near a stable reduced solution over most of (2, but jumps
to match the boundary data along I'. In contrast to boundary layer behavior,
shock layer behavior is characterized by transitions between stable reduced solutions
inside 2. More precisely, a solution u = u(z,y, €) of problem (1.1a), (1.1b) exhibits
shock layer behavior in the vicinity of a closed curve C properly contained in € if
lim, o u(z,y,€) = Ui (z,y) for (z,y) inside C and lim¢_,o u(z,y,€) = Ua(z,y) for
(z,y) outside C, where U; and U, are both stable solutions of the reduced equation
(1.2a).
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Problem (1.1a), (1.1b) has been extensively studied in the case that f is a poly-
nomial function of u; and u,. An excellent survey of the linear theory is given in
Eckhaus [6]. Semilinear problems, i.e., problems in which f is independent of wu,
and uy, have been studied by Berger and Fraenkel [2], Fife 7], Fife and Greenlee
(8], Howes [9], and the author [4]. Quasilinear problems, i.e. problems linear in
uz and uy, have been studied by Howes [9-11] and Kelley [12]. Finally, problems
quadratically nonlinear in u, and u, have been studied by Howes [9] and the author
[5]. All of these studies make critical use of the polynomial nature of the function
f. In this paper, we make no polynomial assumptions, but allow f to be much
more general in form.

In the next section, we present a boundary layer theory for the subquadratically
nonlinear problem (1.1a), (1.1b). In §3 we concentrate on shock layer behavior in
). In both sections, examples are provided in order to illustrate the theory.

2. Boundary layer theory. We begin our study of the boundary layer be-
havior of solutions of the problem (1.1a), (1.1b) by introducing a coordinate trans-
formation to be used in the vicinity of the boundary I'. Let r(z,y) = dist((z,y),T")
for (z,y) in , and let z(z,y) be the arc length along I' from some reference
point to the point on I' closest to the point (z,y). As pointed out in Fife [7],
the Jacobian of the transformation (z,y) — (r,2) does not vanish in the set
S% = {(=z,y): dist((z,y),T) < d} for d sufficiently small. The coordinate trans-
formation (z,y) — (r, 2) is therefore bijective in S°.

We shall assume that the boundary curve I' is given by an equation F(z,y) =0,
where VF # 0 along I" and VF is an outward normal to I'. We note that the curve
r(z,y) = constant is a closed curve parallel to the boundary curve T so that Vr is
parallel to VF but oriented in the opposite direction.

The following theorem is our principal result on the boundary layer behavior of
solutions of the Dirichlet problem (1.1a), (1.1b).

THEOREM 2.1. Suppose that in addition to the conditions described above, the
following conditions hold:

(a) the reduced problem (1.2a), (1.2b) has a solution U = U(z,y) which s twice
continuously differentiable for (z,y) in Q;

(b) fulz,y,U(z,y),Uz(,y),Uy(z,y)) > K for some K >0 and for all (z,y) in

(c)

98

n

(oe.9) = U w) [ (o Ueln0). Uylo) du>0
z?y
for all i such that U(z,y) < n < g(z,y) or g(z,y) <n < U(z,y) and for all (z,y)
onT —T;
(d) (fo(z, 9,4, p,9), fo(z,y,u,p,q)) - VF(z,y) >0 for (z,y) on T —T", for all u
such that U(z,y) < u < g(z,y) or g(z,y) < u < U(z,y), and for all p and q.
Then, for € sufficiently small the problem (1.1a), (1.1b) has a solution u =
u(z,y,€) such that lime_g u(z,y,e) = U(z,y) for all (z,y) in Q.

REMARKS. Condition (b) is a classical stability condition on the solution U of
the reduced problem. Conditions (¢) and (d) are boundary layer stability condi-
tions. Indeed, condition (c) is a well-known condition for boundary layer stability
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for the semilinear case, i.e., the case in which f is independent of u; and u, (cf. Fife
[7]). Condition (d) implies that the characteristics of the reduced problem (1.2a),
(1.2b) are strictly outgoing along I' — I'V. That such characteristic behavior is im-
portant for boundary layer stability in the quasilinear and quadratically nonlinear
cases has been demonstrated by Howes [10, 11] and the author [5].

PROOF. Since f is subquadratic in u; and u,, we may use the method of sub-
and supersolutions as described, for example, in Amann [1]. That is, we shall
construct smooth functions u = u(z,y,€) and @ = @(z,y,€) such that u < @ in (,
eAu > f(z,y,u,u;,u,) in 0, eAu < f(2,y,%,Us,8y) in ), and u < g < @ along T
Under these conditions, there exists a solution u = u(z,y,€) of the problem (1.1a),
(1.1b) such that u(z,y,€) < u(z,y,¢) < @(z,y,€).

For ease of exposition, we give the proof only for the case U(z,y) < f(z,y) along
I' — T’. The proof for the remaining case is similar.

We define u and @ as follows:

Q(I’yas) = U(III, y) e 13 for (Iv y) in Qa
Ul(z,y) + e for (z,y) in Q — S°,
u(z,y,€) = b
U(r,z) +v(r,z,e) + v¢  for (z,y) in S°,
where v is such that YK > M = maxg{AU(z,y)} and where the function v has

the form v(r, z,€) = w(r)d(r, 2,€) for w a smooth cut-off function such that w =1
for0<r<d/2,w=0ford>1,and 0 < w <1 for all . The function ¢ satisfies

€A(0, 2)0,r > f(0,2,U(0,2) +9,Uz(0,2),Uy(0,2)) in S°,
9(0,2,€) = ¢(0,2) — U(0, 2),
9>0and 9 <0 forall0<r<d,

and
© — 0 exponentially as € — 0 for r # 0,

where A(r,z) = r2+7r2 # 0 in S° since the Jacobian of the transformation (z,y) —
(r,z) does not vanish in S®. The existence of such a function ¢ follows from the
semilinear theory of Fife [7] under hypotheses (a), (b), and (c).

We note that since v > 0, we have u < @ for all (z,y) in . Moreover, it follows
from the definitions of u and @ that v < g and @ > ¢ along the boundary T.
Thus, it remains only to establish that u and @ satisfy the appropriate differential
inequalities.

Consider first the function u. From the Mean Value Theorem we have

EAQ - f (‘T’ Y, u, Uy, Ey) =€eAU — f‘u (I$ Y, 07 UI(Z» y)a Uy(.’l?, y)) (_’76)
> —eM+evK >0
for € sufficiently small, where 6 is such that —ve < 8 < 0. Thus, u is a subsolution
for problem (1.1a), (1.1b) in the sense described above.

In the region 2 — S?, the function @ has the form @(z,y,¢) = U(z,y)+~e. Thus,
applying the Mean Value Theorem as above, we have

eAt — f(z,y, 8, Uz, Uy) =AU — fu (z,y,0',Uz(z,y),Uy(z,9)) (7€)
<eM-enK <0
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for ¢ sufficiently small, where #’ is such that 0 < 6’ < ~e. The function @ therefore
satisfies the correct differential inequality in the region Q — S°.
Consider now the behavior of the function % in the region S°. For 0 < r < d/2
in this region we have
AU — f(z,y,U,Ug, Uy) = €A(0,2)0rr — f(0,2,U(0,2) +9,Uz(0, 2), Uy (0, 2))
= k[(fp(0,2,U(0,2) + 9,U5(0,2) + ¢,Uy(0,2) + ¢') ,
fq(0,2,U(0,2) +9,U;(0,2) + ¢,Uy(0,2) + ¢') - VF] 9, + O(1)

<0
for € and d sufficiently small, where ¢ and ¢’ are such that 0 < |¢| < || and
0 < |¢'| < |oy|, and where we have used the fact that Vr = —kVF for k a

positive function of (z,y). Thus, @ satisfies the appropriate differential inequality
for 0 <r <d/2in S°. :

For r > d/2 in S°, the function v is a transcendentally small term (T.S.T.), i.e
v is O(e™) for every n. Thus, in this portion of S the function @ has the form
@ =U(z,y) +~e+ T.S.T. The proof that @ is a supersolution for ¢ sufficiently small
in this portion of S® is therefore analogous to the proof that @ is supersolution in
() — S®. For brevity, we omit the details.

We have shown that u and @ are sub- and supersolutions in the sense described
at the beginning of the proof. We conclude, therefore, that for e sufficiently small
there exists a solution u = u(z,y, ) of problem (1.1a), (1.1b) such that u(z,y,e) <
u(z,y,€) < u(z,y,€). Since

lim u(z,y,¢) = lim a(z,y,¢€) = U(z,y),
e—0 e—0

it must be true that lim._o u(z,y,e) = U(z,y). This completes the proof of The-
orem 2.1.
To illustrate the application of Theorem 2.1, we consider the problem

(2.1a) eAu = h(zug +yuy) +u  in Q,
(2.1b) u(z,y,e)=1 onT,
where (0 is the unit disk in the plane centered at the origin and I is the unit circle
given by F(z,y) = 22 +y? — 1 = 0. The function h is such that h(0) = 0, h'(s) >0
for all s, and h(s)/s? is bounded as s> — oo. The reduced equation corresponding
to equation (2.1a) is

0=h(zUz;+yUy)+U in(L
A solution of this equation is U = 0. We note that this reduced solution does not
satisfy the boundary data at any point of I'. Thus, boundary layer behavior, if it
occurs at all, should occur along the entire boundary.

We proceed to check the conditions of Theorem 2.1. We have f,(z,y, U Uz, Uy)
=1 for all (z,y), so condition (b) is clearly satisfied. Moreover, (fp, fg) - VF =
(22 + y?)H = % > 0 for (x,y) on the boundary I'. Finally, we have

7 n n?
f(z,y,u,Ug,Uy) du=/ udu=— >0
0 0 2
for all n such that 0 < n < 1. Thus, we see that all conditions of Theorem 2.1
are satisfied. We conclude that for ¢ sufficiently small the Dirichlet problem (2.1a),
(2.1b) has a solution u = u(z,y,¢€) such that lime_,o u(z,y,€) = 0 for (z,y) in Q.
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3. Shock layer theory. We turn now to a study of the shock layer behav-
ior of the solutions of the Dirichlet problem (1.1a), (1.1b). As mentioned in the
Introduction, such behavior is characterized by the rapid transition in {2 between
solutions of the reduced problem (1.2a), (1.2b). '

To aid in our shock layer studies, we introduce coordinate transformations anal-
ogous to the one used in §2. First of all, if C; and C; are two closed curves properly
contained in (), we define (1; to be the region inside C; and ()3 to be the region
inside Cs. For i = 1,2, let t;(z,y) = +dist((z,y), Ci), where t; > 0 for (z,y) in Q;,
and t; < 0 for (z,y) in Q — Q,, and let s;(z,y) be arc length along C; from some
reference point to the point on C; closest to (z,y). As is demonstrated in Fife and
Greenlee [8], the Jacobian of the transformation (z,y) — (¢;,'s;) does not vanish in
the set S; = {(z,y): dist((z,y), C;) < d} for some sufficiently small positive number
d. Thus, the transformation (z,y) — (;, s;) is bijective in the region S; for 7 = 1, 2.

We expect that the conditions for shock layer behavior in {2 should be similar
to the conditions for boundary layer behavior along I'. Of course, an important
aspect of a shock layer theory is the determination, to the extent possible, of the
location of the layer in (2. The following theorem provides sufficient conditions for
the problem (1.1a), (1.1b) to have a solution which exhibits shock layer behavior
in the region between two particular nested, closed curves properly contained in 2.
For convenience, we assume that boundary layer behavior is absent, however later
in this section we show how the theorem may be modified to allow boundary layer
behavior in addition to shock layer behavior.

THEOREM 3.1. Suppose that in addition to the conditions on f,g, and 1 de-
scribed above, the following conditions hold:

(a) There exist two solutions Uy = U,(z,y) and Uy = Uz(z,y) of the reduced
problem (1.2a) and Us(z,y) = g(z,y) along T.

(b) fulz,y,Ui(z,y),Uiz(z,y), Uiy(z,y)) > K for some K > 0, for all (z,y) in
Q, and for:=1,2.

(¢c) There exist closed curves Cy and Cq properly contained in Q0 and given by
Ji(z,y) =0 and J2(z,y) = 0, respectively, where

Uz (z,y) ’
Ji(z,y) = / £ (@9, 0, Uia (2, 9), Usy (2, 9)) dus
Ui(z,y)

V J; 1s an outer normal to the curve C;, 1 = 1,2, and {1 C Q3.
(d)
n
(Ui(z,y) - Uz(z,y))/ f(z,9,u,Uiz(2,y), Usy(2,y)) du > 0
UQ(Zvy')

for (z,y) on C;, i = 1,2, and for all n such that Uy(z,y) < n < Us(z,y) or
Uz (z,y) <n < Ui(z,y).
(e) (fp(zv yaua pa q)a fq(zv y? ua p’ q)) . VJl(z7 y) > 0 fOT (.’E, y) on Cl and

(fp(-T’y,UaP,Q),fq(x’ y/UaP,Q)) : VJ?('T’ y) <0

for (z,y) on C2, for all u such that Uy(z,y) < u < Usz(z,y) or Us(z,y) < u <
Ui(z,y) and for all p and q.
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Then, for € sufficiently small there exists a solution u = u(z,y,€) of problem
(1.1a), (1.1b) such that lime o u(z,y,e) = Ui(z,y) in Q1 and lim._qu(z,y,€) =
Us(z,y) in Q — Q.

REMARKS. The conditions of Theorem 3.1 imply the existence of a closed curve
lying between the curves C; and C5 along which shock layer behavior occurs. How-
ever, the precise location of this curve is, in general, difficult to determine. We note
also that condition (e) implies that the characteristic curves of the reduced equa-
tion (1.2a) are outgoing along C; and C; in the sense that these curves point out
of the region (; along C; and out of the region 2 — (3 along C;. Finally, we note
that boundary layer behavior may be easily included in Theorem 3.1. To include
such behavior, we need only add to Theorem 3.1 the boundary layer conditions of
Theorem 2.1 for U = U,.

PROOF. As in the proof of Theorem 2.1, we construct sub- and supersolutions u
and 4. However, in the present case it is more convenient to construct u and @ to be
nonsmooth along the curves C; and Cj, respectively. Such nonsmooth behavior is
permissible provided that u and @ satisfy the relations D{u < D:u and D{u > Dia
along C;, where Df and D! denote one-sided derivatives with respect to t; along
the curve C;, 1 = 1,2. A proof of this may be found, for example, in [4].

We shall define u and @ for the case Uz (z,y) < U (z,y) in 2. Definitions for the
remaining case are analogous, as are the details of the proof.

Let u and @ be defined as follows:

Ua(z,y) — e in Q—Q;.
u(z,y,€) = Ui(ty,s1) +v1(t1,81,€) inQyNS;.

Ui(z,y) — e in () — 5y,

Us(z,y) + ~e in Q- (Q2U83),
u(z,y,e) = { Usz(ta, s2) +va(te,s2,6) +v¢ in (2 —Q2)N Sy,

Ui(z,y) + e in 9,

where v is such that yK > maxg{AU;, AUs} and v; and vy are of the form
vi(ts, 85,€) = wi(t:)0;(i, 85,€), © = 1,2, where w; is a smooth cut-off function
defined in S; such that w; =1 for |¢t;| < d/2, w; =0 for |t;| > d,and 0 < w; <1
for all ¢;. The functions ©; and v, satisfy

€A (Oasl)f)ltltl > f(O,Sl,Ul(O,Sl) +{)1,U11(0,81),U1y(0,31)),
’01(0,81,8) = UQ(O,SI) - Ul(O,Sl),
v <0, {}Itl >0 in Sl,
01 — 0 exponentially as € — 0 for ¢; > 0,

€A (0, 82) 7:)21;2,«,2 < f (0, S92, UQ(O, 32) + Ug, UQI(O, 32), Ugy(o, 32)) R
02(0, s2,€) = U1(0, 82) — U2(0, s2),
g > 0, ’Dgh >0 in S,
99 — 0 exponentially as ¢ — 0 for t3 < 0,

where A(t;,s;) = t2, + tfy # 0 for all (¢;,s;) in S;, ¢ = 1,2, since the Jacobian of
the transformation (z,y) — (t;,s;) does not vanish in S;. The existence of such
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functions 9, and 0, follows from hypotheses (a), (b), (c), and (d) above and Lemma
2.1 of Fife [7].

From the construction of u and 4, it is clear that u < @ in Q, that u < g and
4 > g along the boundary T', and that u and @ are not differentiable along the
curves C; and Cs, respectively. Moreover,

Diu(0,s1,€) = Uas, (0,81) < Ure, (0,81) + 91, (0, 81,€) = D} u(0, s1,¢€)
and
D?a(o, Sz,é‘) = U2t2 (0, 82,6) + '02t2 (0, 82,6) > U1t2 (0, 32,5) = D?ﬁ(o, 82,6)

for ¢ sufficiently small since 03¢, > 0 for ¢t; > 0, 09¢, > 0 for to < 0, and o,
and ¥y both decay to zero exponentially. Thus, the functions u and @ satisfy the
appropriate inequalities along the curves C; and Cy. It remains, therefore, only to
establish that the differential inequalities for Au and A4 hold in @ — C; and in
) — Cs, respectively.

In the regions Q — Q;, Q; — 51, 0 — (22 U S2), and Q2 the proof that u and
4 are sub- and supersolutions, respectively, proceeds exactly as in the proof of
Theorem 2.1 for the region {2 — S°. Hence, we omit the details and concentrate on
the behavior of u and @ in the regions 23 NSy and (Q — 23) N Sz, respectively.

Consider first the behavior of u in the region (2; NS;. For 0 < ¢; < d/2 we have
v; = 0;. Applying the Mean Value Theorem we have

5Au_f(l',y,%u (72 )

=) 2y

= EA (0’ Sl) ,oltltl - f (0’ S1, U1(0,31) + ,[)l,Ula:(Ov sl)y Uly(07 sl))
- [(fp (07 sl7U1(0731) + f)l, Ela 52)) y
fq (OvslaUl(Ovsl) +1}la 613 {2) : th] {)ltl +O(1) >0

for € and d sufficiently small, where &; and £; are such that 0 < |£;] < |01z, and
0 < |€2| £ |91y|- We note that in establishing the above inequality we have used
condition (e), the fact that V¢, is parallel to —VJ; along Cj, and the fact that
1A)1t1 > 0.

For ¢t; > d/2 in S, the function v; is a transcendentally small term (T.S.T.).
Thus, in this portion of S;, the function u has the form u(z,y,e) = Uy (z,y) — ve+
T.S.T. The verification that u is a subsolution in this region is thus esentially
identical to the verification for the region {1 — S;. As above, we omit the details.

Consider now the behavior of the function @ in the region (2 — Q) N S;. For
—d/2 < t3 < 0 we have v; = 05. Expanding via the Mean Value Theorem as above
we have

eAd — f(z,y,4, Uz, baruy)
=cA (0, 82) 52t2t2 - f (0, S2, UQ(O, 82) + 0g, U21(0, 32), Ugy(o, 82))
— [(fp (0, 52,U2(0, 82) + D2, €1, &3)
fq (0, S2, UQ(O, 82) + 09, fll, f-{_;)) . Vtg] Ugp, + O(l)
<0
for € and d sufficiently small, where £} and &} are such that 0 < |€}| < |92, and

0 < |€3| £ |02y|. As above, we have made use of condition (e), the fact that Vi, is
parallel to —V Ja, and the fact that 99, > 0.
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For t; < —d/2 in Sy, the function v, is transcendentally small, so the verification
that @ is a supersolution in this portion of S; is analogous to the verification that
u is a subsolution in S for t; > d/2. Thus we omit the details.

We have shown that u and @ are sub- and supersolutions, respectively, in all
of Q. It follows, therefore, that for ¢ sufficiently small there exists a solution
u = u(z,y,€) of problem (1.1a), (1.1b) such that u(z,y,e) < u(z,y,¢) < u(z,y,¢).
From the construction of u and @, it follows that lim._ou(z,y,€) = Ui(z,y) in
Q; and lime_ g u(z,y,e) = Us(z,y) in Q@ — Qy. This completes the proof of the
theorem.

An application of Theorem 3.1 is afforded by the example

(3.1a) eAu = (2p° — 1)h(zuz + yuy) + (u? — 1)(u — 6(p)) in 0,
(3.1b) u(z,y,e) =0 alongT,

where p? = z2 + y2, (T, and h are as in the example of §2, and 6(p) =
(2p? — 1)(3p% — 2)/3. We note that the reduced problem corresponding to problem
(3.1a), (3.1b) has the solutions U; = 1 and U; = —1. These reduced solutions are
stable since fy(z,y,U;,U1z,U1y) = 2(1 4+ 6(p)) > 0 and fu(z,y,Us, Uz, Usy) =
2(1-6(p)) > 0.

Turning to the shock layer integral conditions of Theorem 3.1, we see that

1 1
8
Ji(Iwy) = / f(z’y7u7Ui:tv Uiy) du = / (u2 - 1) (u - 6([))) du = gé(p)
-1 1
which vanishes for p? = 1/2 and p? = 2/3. Moreover, for p* = 1/2,2/3 we have
! ! (n* = 1)
/ f(x7y7uvUix,Uiy)dUz/ (Uz-l)udu:T>0

-1 1

for all n such that —1 < n < 1. Thus, the interior layer integral conditions of
Theorem 3.1 are satisfied along the closed curves C; and Cs given by p? = 1/2 and
pt = 2/3. We note also that J; = J; in this case, and that V.J; is an outer normal
vector to the curves C; and Cs.

Let us turn now to the verification of condition (e) of Theorem 3.1. Along the
circle C; we have (fp, fg) - VJ; = —h' < 0 since b’ > 0 by assumption. Along the
circle Cy we have (fp, fq)-VJ; = h’ > 0. Thus we see that condition (e) of Theorem
3.1 holds.

Since the reduced solution Us = —1 does not satisfy the boundary data anywhere
on I', we anticipate the presence of boundary layer behavior. Let us check, therefore,
the boundary layer conditions of Theorem 2.1. For (z,y) on the boundary I' we

have
n n 9
/ f(za yau»UZ:uUQy) du = / (u2 - 1) <u — -3-) du
-1

-1
=(n+1)* (9n* — 2517+ 26) /36 > 0

for all n > —1 since 972 — 251 + 26 has no real roots. We also have (f,, f;) - VF =
h' > 0 by assumption. Thus all conditions of the boundary layer theorem, Theorem
2.1, are satisfied.

We have shown that the conditions of Theorems 2.1 and 3.1 hold for the problem
(3.1a), (3.1b). We conclude then that this problem has a solution u = u(z,y,¢€)
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for € sufficiently small which has the property that lim._, u(z,y,€) = 1 for (z,y)
inside C; and lime_,¢ u(z,y,e) = —1 for (z,y) in Q but outside of Cy. That is,
the solution u exhibits shock layer behavior between the curves C; and C, and
boundary layer behavior along the boundary T'.

5. Concluding remarks. We have provided in this paper a theory for the
asymptotic behavior of solutions of a class of singularly perturbed Dirichlet prob-
lems which have subquadratic nonlinearities in the derivative terms. The form of
our results makes clear the fact that our theory is an extension and generalization
of the now well-known semilinear elliptic theory (cf. [2, 4, 7, 8, 9]). In this sense
our theory has a certain naturalness and intuitive appeal.

There are two rather obvious questions left open by our theory. First of all, the
characteristic conditions used in the results of §§2 and 3 are somewhat restrictive.
These conditions appear to be necessary for our proofs to succeed. It is natural
to wonder, however, if these strong conditions may be weakened in some way. A
second question is specific to shock layer theory. In §3, we were able to prove that a
shock layer must occur between two certain nested, closed curves under appropriate
conditions. However, the proof provided no clue as to the precise location of the
layer. The determination of the precise location of the shock layer in the domain
appears difficult, and certainly is left open by our theory.
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